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O(N) symmetry and Abelian gauge fields
We consider the nonlinear interactions of Abelian gauge
fields Ak

m, k = 1, 2, . . .N and use the bispinor
representation of the field-strengths
F k
αβ = 1

8(σ
mσ̄n − σnσ̄m)αβ(∂mAk

n − ∂nAk
m). The Bianchi

identities read

Bk
αα̇ = ∂β̇

αF̄ k
α̇β̇

− ∂β
α̇F k

αβ = 0

where F̄ k
α̇β̇

= (F k
αβ)

∗.
The nonlinear Lagrangian of N abelian gauge fields

L(F k , F̄ k) = −1
2
[(F kF k) + (F̄ k F̄ k)] + Lint(F k , F̄ k)

is manifestly invariant under the real O(N) transformation

δF k
αβ = ξklF l

αβ, δF̄ k
α̇β̇

= ξkl F̄ k
α̇β̇
, ξkl = −ξ lk .

We use the scalar matrix combinations of the
field-strengths in the Lagrangian L(φ, φ̄)

φkl = (F kF l) = F kαβF l
αβ, φ̄kl = (F̄ k F̄ l) = (φkl)∗.

The nonlinear equations of motion

Ek
αα̇ = ∂β̇

αP̄k
α̇β̇
(F )− ∂β

α̇Pk
αβ(F ) = 0.

contains the dual nonlinear fields

Pk
αβ(F ) = i

∂L
∂F kαβ = 2iF l

αβLkl , Lkl =
∂L
∂φkl .



U(N) symmetry and auxiliary fields
Our generalized auxiliary-field representation of the O(N)
invariant Lagrangian contains N complex auxiliary fields
V k

αβ

L =
1
2
[(F kF k) + (F̄ k F̄ k)]− 2[(F kV k) + (F̄ k V̄ k)]

+(V kV k) + (V̄ k V̄ k) + E(ν, ν̄)

where E is the O(N) invariant real interaction of the scalar
complex variables

νkl = (V kV l), ν̄kl = (V̄ k V̄ l).

The differential equation for this Lagrangian contains the
dual fields

Pk
αβ(F ,V ) = i(F k − 2V k)αβ, P̄k

α̇β̇
(F ,V ) = −i(F̄ k − 2V̄ k)α̇β̇



We define the additional linear transformation with the
real parameters ηkl = ηlk

δF k = ηklP l = iηkl(F l − 2V l), δPk = −ηklF l

which form the U(N) Lie algebra together with the O(N)
transformations. The corresponding U(N) transformations
of the auxiliary fields read

δV k = (ξkl − iηkl)V l , δV̄ k = (ξkl + iηkl)V̄ l .

Transformations of the scalar variables νkl , ν̄kl can be
presented in the matrix form

δν = [ξ, ν]− i{η, ν}, δν̄ = [ξ, ν̄] + i{η, ν̄}.

We define the Hermitian matrix variables

akl = (ν̄ν)kl , ākl = (νν̄)kl , δa = [ξ, a] + i [η, a]

and use the matrix relations for the matrix polynomials

(anν̄)kl = (ν̄ān)kl = (anν̄)lk , (νan)kl = (ānν)kl = (νan)lk .



The independent real U(N) invariants are An = 1
nTr an

where n = 1, 2, . . .N

dAn = Tr (daan−1),
∂An

∂akl = (an−1)kl .

The basic algebraic equation for the Lagrangian L is
derived by the V k variation

(F k − V k)αβ =
1
2
(F k − iPk)αβ = EklV l

αβ, Ekl =
∂E
∂νkl .

The scalar matrix algebraic equation follows from this
relation

φkl = [δkr + Ekr ]ν
rs[δsl + Esl ].

We introduce the matrix function E(a) and consider the
trace representation of the auxiliary interaction

E = Tr E(a), dE = Tr (daEa) = (dalkEkl
a ) = dAnEn



E(a) =
∞∑

k=1

ekak , Ea =
∞∑

k=1

kekak−1, En =
∂E
∂An

where ek are some real coefficients. This representation
can be used in the basic algebraic equation

∂E
∂νkl = (Ea)

kr ν̄rl = E1ν̄
kl + E2akr ν̄rl + E3akjajr ν̄rl + . . .

The U(N) duality is equivalent to the invariance of the
auxiliary interaction E = TrE(a). The U(N) covariant
auxiliary equation of motion can be interpreted as the
twisted self-duality equation

(F k − V k)αβ = (Ea)
kr ν̄rlV l

αβ.



The solution of the twisted self-duality equation has the
simple form

V k
αβ = F l

αβGkl(φ, φ̄), Pk
αβ = 2iF l

αβLkl = iF l
αβ[δkl − 2Gkl ]

Gkl = [δkl + Ekl ]
−1 =

1
2
δkl − ∂L

∂φkl .

This solution allows us to construct uniquely the self-dual
Lagrangian in the standard representation L(φkl , φ̄kl).
The Gailard-Zumino-type formula for the U(N) self-dual
Lagrangian has the following explicit form in our
formalism:

L =
i
2
[P̄k(F ,V )F̄ k − Pk(F ,V )F k ] + [V kV k − (F kV k)]

+[V̄ k V̄ k − (F̄ k V̄ k)] + E
where V kV k − (F kV k) is the complex bilinear U(N)
invariant. The U(N) invariance of the auxiliary interaction
E is equivalent to the U(N) self-duality condition.



The alternative µ representation for the O(N) Lagrangian
uses the matrix variables

µkl =
∂E(a)
∂νkl = (Ea)

kr ν̄rl , µ̄kl = νkr (Ea)
rl

bkl = µksµ̄sl = (Eaν̄νEa)
kl = (aE2

a )
kl , blk = b̄kl = µ̄krµrl .

The transformation laws of these matrix variables have
the following form:

δµ = [ξ, µ] + i{η, µ}, δb = [ξ,b] + i [η,b]

We use the basic relations for these matrix variables

(bnµ)kl = (µb̄n)kl = (bnµ)lk ,

(µ̄bn)kl = (b̄nµ̄)kl = (µ̄bn)lk

and construct the independent U(N) invariants in this
representation Bn = 1

nTr bn.



The basic transformation from the (F ,V ) representation
to the µ representation has the form

I(Bn) = Tr I(b) = E − νklµkl − ν̄kl µ̄kl = Tr [E − 2aEa]

νkl = − ∂I
∂µkl = −(µ̄Ib)kl = −(̄Ib̄µ̄)

kl , dI = Tr (dbIb) = Tr (db̄Īb̄)

where I(b) and Ib are the matrix functions.
It is instructive to consider the covariant matrix equations

I(b) = E(a)− 2aEa, E(a) = I(b)− 2bIb,

Ea = −I−1
b , a = bI2

b , b = aE2
a

which are analogous to the relations between alternative
auxiliary representations in the U(1) theory.
The basic scalar variables can be rewritten in this
representation

φkl = −(δkr + µkr )
∂I
∂µrs (δ

sl + µsl) = −[µ̄Ib + bIb + µ̄Ibµ+ bIbµ]kl .



We consider the matrix expansions with the coefficients ik

Ib = −2+2i2b+3i3b2+. . . , µ̄Ib = −2µ̄+2i2µ̄b+3i3µ̄b2+. . . ,

bIbµ = −2bµ+ 2i2b2µ+ 3i3b3µ+ . . .

The iterative matrix equation has the following form:

µ̄ =
1
2
φ− b − b̄ − bµ+ i2µ̄b + i2b2 + i2b̄2 +

3
2

i3µ̄b2 + i2b2µ

+
3
2

i3b3 +
3
2

i3b̄3 +
3
2

i3b3µ+ . . .

Solving this equations for µ̄kl(φ, φ̄) we can construct the
field derivatives of the Lagrangian

[δkl + µ̄kl ]−1 =
1
2
δkl − ∂L

∂φ̄kl .



The combined (F ,V , µ) representation for the U(N)
self-dual theories has the form

L(V ,F , µ) =
1
2
[(F kF k) + (F̄ k F̄ k)]− 2 [(V k · F k) + (V̄ k · F̄ k)]

+(V kV l)(δkl + µkl) + V̄ k V̄ l(δkl + µ̄kl) + I(Bn).

Excluding the V k variables from this Lagrangian

V k
αβ =

[
(1 + µ)−1]kl

F l
αβ

we obtain the (F , µ) representation for the U(N) duality

L̃(F k , µkl) =
1
2
(F kF l)[(µ− 1)(1 + µ)−1]kl + c.c. + I(Bn)

We can use similarity between the U(1) interaction I(b)
and the matrix function I(b) in the U(N) case, although
the solution of matrix equations is more difficult. The
simple partial U(N) interaction uses the one-parametric
function E(A1), A1 = akk = νkl ν̄ lk , then

µkl = E1ν̄
kl , µ̄kl = E1ν

kl , νkl = −I1µ̄
kl ,



bkl = E2
1 akl , B1 = bkk = E2

1 A1, E1 = −I−1
1

The transformed interaction depends on the trace B1

I(B1) = E(A1)− 2A1E1, νkl = −I1µ̄
kl , akl = I2

1 bkl

If E = 1
2A1 then I = −2B1. The twisted self-duality

equation has the polynomial form in this case

F k
αβ = V l

αβ[δ
kl +

1
2
(V̄ k V̄ l)].

The iterative solution of this equation

V k
αβ = [δkl − 1

2
φ̄kl +

1
4
φ̄kr φ̄rl +

1
4
φkr φ̄rl

+
1
4
φ̄krφrl + . . .]F l

αβ



This solution gives us the perturbative self-dual
Lagrangian for the simplest interaction E = 1

2Tr a

LSI = Tr
[
−1

2
φ− 1

2
φ̄+

1
2
φφ̄− 1

4
φ2φ̄− 1

4
φφ̄2

]

+Tr
[

1
8
φ3φ̄+

1
4
φ2φ̄2 +

1
4
(φφ̄)2 +

1
8
φφ̄3 + . . .

]



Manifestly self-dual decomposition of the
nonlinear U(1) action with auxiliary fields

We analyze the version of our U(1) Lagrangian using two
gauge fields A1

m,A2
m, auxiliary tensor fields Fmn and Vmn

L(F ,V ,A1,A2) =
1
4

F mnFmn − F mnVmn +
1
2

F mnF 1
mn −

1
2

F mnF̃ 2
mn

+
1
4

F 1mnF 1
mn − F 1mnVmn +

1
2

V mnVmn + E(v2 + w2)

where F 1
mn = ∂mA1

n − ∂nA1
m and F 2

mn = ∂mA2
n − ∂nA2

m.
Excluding the field A2

m we obtain the Bianchi identity for
Fmn. Solving this identity via Ãm:

Fmn = ∂mÃn − ∂nÃm

we return to the original formulation of our Lagrangian.



We consider the O(3) decomposition of the
Lorentz-covariant field-strengths

F 1
mn(A) = ∂mA1

n − ∂nA1
m, F̃ 1

mn =
1
2
εmnrsF 1rs

and auxiliary fields Vmn

F 1
0k(A) = E1

k (A) = ∂0A1
k − ∂kA1

0,

F 1
kl(A) = εkljB1

j = ∂kA1
l − ∂lA1

k ,

F̃ 1
0k = B1

k , F̃ 1
kl = −εkljE1

j , V0k = Vk , Vkl = εkljUj

where k , l , j = 1,2,3.



The 3D decompositions of the covariant scalar
combinations of auxiliary fields read

ν = v + iw =
1
2

UkUk −
1
2

VkVk − iVkUk ,

a(V ,U) = v2 + w2 =
1
4
(UiUi)

2 +
1
4
(ViVi)

2

−1
2
(UiUi)(VkVk) + (ViUi)

2



By the analogy with the method of A. Tseytlin in the BI
theory we can preserve two gauge fields

A1
m = (A1

0,A
1
k), A2

m = (A2
0,A

2
k)

and use the non-covariant gauge for the auxiliary field
Fmn = (F0k ,Fkl)



F0k = Fk , Fkl = 0, F̃0k = 0, F̃kl = −εkljF0j = −εkljFj .

The non-covariant form of our bilinear Lagrangian reads

L2(F ,V ,U,A1,A2) = −1
2

FkFk + 2FkVk − FkE1
k − 1

2
E1

k E1
k

+
1
2

B1
k B1

k + 2E1
k Vk − 2B1

k Uk + FkB2
k − VkVk + UkUk .

Using the following O(2) transformations

δFk = 2ωUk − ωE2
k − ωB1

k , δVk = ωUk , δUk = −ωVk ,

δEa
k = ωεabEb

k , δBa
k = ωεabBb

k

we prove the O(2) invariance of the non-covariant
bilinear action



δS2 =

∫
d4xδL2 = ω

∫
d4x(E1

k B1
k − E2

k B2
k ) = 0,

F 1mnF̃ 1
mn = −4E1

k B1
k = div, F 2mnF̃ 2

mn = −4E2
k B2

k

Now we can exclude the auxiliary field Fk using its
algebraic equation

Fk = 2Vk − E1
k + B2

k .



The O(2) invariant Lagrangian with two gauge fields and
auxiliary fields Vk ,Uk has the form

L̃(A1,A2,V ,U) =
1
2

B1
k B1

k +
1
2

B2
k B2

k −E1
k B2

k +2VkB2
k −2B1

k Uk

+VkVk + UkUk + E [a(V ,U)]

where E(a) = 1
2a + e2a2 + . . . is the invariant auxiliary

interaction.
It is evident that

δL̃(A1,A2,V ,U) = −δ(E1
k B2

k ) = ω(E1
k B1

k − E2
k B2

k ) = div

and other terms are manifestly invariant.



The equations for Vk and Uk can be solved in the lowest
orders of the perturbation theory via the fields B1

k and B2
k

Vk = −B2
k +

1
4

B2
k (B

2
l B2

l )−
1
4

B2
k (B

1
l B1

l )+
1
2

B1
k (B

2
l B1

l )+O(B5),

Uk = B1
k −

1
4

B1
k (B

1
l B1

l )+
1
4

B1
k (B

2
l B2

l )−
1
2

B2
k (B

2
l B1

l )+O(B5),

then we obtain the manifestly self-dual Lagrangian
depending on these fields

L(A1,A2) = −1
2

B1
k B1

k−
1
2

B2
k B2

k−E1
k B2

k+
1
8
(B1

i B1
i )

2+
1
8
(B2

i B2
i )

2

−1
4
(B1

i B1
i )(B

2
k B2

k ) +
1
2
(B1

i B2
i )

2 + O(B6)



The covariant auxiliary interaction E(a) generates the
non-polynomial self-dual Lagrangians L(A1,A2). Note that
all terms of the fixed order in this representation are
invariant under the linear O(2) transformation.

Our Lorentz-covariant self-dual Lagrangian with the
arbitrary invariant auxiliary interaction is equivalent to the
non-covariant and manifestly O(2) invariant Lagrangian.
The similar non-covariant and manifestly U(N) invariant
Lagrangian with N pair of the gauge fields A1 and A2 can
be constructed
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